Two twisted doublets, one containing the up and down quarks and the other containing the strange quark with an isospin partner, are used for studies in the meson sector. The relevant chiral perturbation theory is presented, and quenched QCD simulations (where the partner of the strange quark is not active) are performed. Pseudoscalar meson masses and decay constants are computed; the vector and scalar mesons are also discussed. A comparison is made to the case of an untwisted strange quark, and some effects due to quenching, discretization, and the definition of maximal twist are explored.
I. INTRODUCTION
Twisted mass lattice QCD (tmLQCD) is a variation on the Wilson action -essentially a chiral rotation of quark flavor doublets, acting on quark mass terms relative to Wilson terms in the action -which produces two desirable features: the removal of unphysical zero modes in quark propagators [1] and the elimination of O(a) artifacts (where a denotes lattice spacing) at maximal twist [2] . A number of numerical simulations have been performed for both quenched and dynamical tmLQCD (for a recent review, see Ref. [3] ). As well, the chiral perturbation theory for tmLQCD (tmχPT) has been developed. It differs from continuum χPT by discretization effects and is required for the extrapolation of tmLQCD data. The effective theory has also played a vital role in understanding various aspects of tmLQCD such as O(a) improvement, the phase diagram, and the relationships between various definitions of maximal twist [4, 5, 6, 7, 8, 9, 10, 11] .
With an interest in the phenomenology of hadrons built of u, d and s quarks, our goal in this paper is to explore the usefulness of tmLQCD and tmχPT as applied to strange hadrons. There is no unique way to introduce the s quark into the calculation. The method used here, to consider a pair of quark doublets (u, d) and ("c", s), is similar to the proposal of Pena et al. [12] . For the quenched simulations in this paper the partner of the s quark does not play an active role and should not be thought of as the physical charm quark.
No mass splitting is introduced within either doublet. This facilitates the construction of the corresponding tmχPT formalism which is then a straightforward generalization of the published one-doublet formalism [4, 5] .
As noted above, applying a relative chiral twist has some valuable consequences but there are also some less desirable features that have to be dealt with. The tmLQCD action violates parity conservation so in general correlation functions contain contributions from states of both parities. Parity mixing can complicate, in particular, the extraction of matrix elements but this can be ameliorated by appropriate tuning of the twist angles. The tmLQCD action also breaks the flavor symmetry. For the version of tmLQCD used in this work the members of the quark doublets are degenerate in mass but are distinguished by having opposite chiral twists. This can lead to mass splittings within hadron isospin multiplets. It will be seen that charged and neutral kaons can acquire a mass-squared splitting which is roughly proportional to a 2 .
To optimize the elimination of O(a) lattice discretization errors one has to tune the chiral twist angles [2] . There is not a unique way to achieve maximal twist as has been discussed from the point of view of both effective theory [4, 5, 6, 10] and simulation [13, 14, 15] . A standard method for defining maximal twist uses a tuning procedure which involves the correlators of the first two isospin components of vector and axial operators with the pseudoscalar density [5, 13] . Using two variations of this method, we examine the mixing between the third isospin components of scalar and pseudoscalar correlators.
Ideally one would like to have a tuning to maximal twist which would banish the physical pseudoscalar meson from appearing in the wrong parity correlator; the scalar meson with its quenched η ′ π 0 contribution would similarly be banished from the other parity correlator.
This is seen not to happen in our simulations. The mixings observed in actual simulations represent higher order discretization effects which differentiate between vector-axial tuning and scalar-pseudoscalar tuning.
In this work, we mainly use maximal twist in the doublet containing the strange quark as well as in the (u, d) doublet. An alternative procedure would be to set the twist angle for the strange quark to zero or equivalently for the quenched theory to consider a twisted (u, d) doublet and a flavor-singlet Wilson strange quark. The latter approach may be a viable one for doing full dynamical simulations. The twisted and untwisted strange quark actions lead to different patterns of parity mixing and flavour symmetry breaking at non-vanishing lattice spacing. We present some results obtained with an untwisted strange quark action to illustrate some of these differences.
At this point it is worth noting that there exist even other approaches for dealing with the strange quark. The proposal of Frezzotti and Rossi in Ref. [16] allows for a nondegenerate doublet and is suitable for dynamical simulations [17] . It uses a non-diagonal twist generator which mixes flavors so that flavor symmetry breaking effects would be more complicated to deal with in simulations and in the effective theory than for the tmLQCD action considered in this work. A further example is Ref. [18] where options for tmLQCD chosen to facilitate the calculation of the so-called kaon bag parameter are discussed.
In addition to meson masses the pseudoscalar meson decay constants are also considered. With quark masses fixed by physical meson masses, the decay constants f π and f K become absolute predictions, and are shown to compare favorably with previous quenched simulations using other actions. All results are consistent with tmχPT.
The remainder of the article is organized as follows. Section II defines the effective chiral Lagrangian with two twisted flavor doublets, and Sec. III uses that Lagrangian to derive expressions involving the pseudoscalar masses and decay constants. Section IV presents the tm-LQCD action and explains the parameter choices for our numerical simulations, then Sec. V discusses results obtained for the pseudoscalar and vector mesons. Scalar-pseudoscalar mixing is studied in Sec. VI, and a direct comparison to kaons built from untwisted strange quarks is given in Sec. VII. Section VIII contains the conclusions of our work. Details of currents and densities in tmχPT are collected in the Appendix.
II. THE EFFECTIVE CHIRAL LAGRANGIAN
To build four-flavor tmχPT, we begin from tmLQCD with two quark doublets,
referred to as the light and heavy doublets respectively. Note that the choice of flavor labels is a convention; in Ref. [12] for example, a different choice is made. Each doublet is taken to be degenerate, so the c quark should not be viewed as the physical charm quark. Since that quark is not active in any of our quenched tmLQCD simulations, it is not necessary to include an explicit nondegeneracy within the doublet.
In the so-called "twisted basis" [1, 2] , the two-doublet lattice action is simply a blockdiagonal version of two copies of the one-doublet theory (the form of which can be found in
Refs. [1, 2] ):
where ∇ µ and ∇ ⋆ µ are the usual covariant forward and backward lattice derivatives respectively, and
with ½ n the n-by-n identity matrix. The matrix τ 3 acts in (two-)flavor space and is normalized so that τ Applying the now familiar two-step procedure of Ref. [19] , an effective chiral Lagrangian describing the low energy physics of tmLQCD with two degenerate quark doublets can be built as a straightforward generalization of the one-doublet case detailed in Refs. [4, 5] . From a similar analysis described in Ref. [4] , the form of the effective continuum Lagrangian at the quark level is found to be identical to that in the one-doublet case:
where L g is the continuum gluon Lagrangian, and the physical normal and twisted mass parameters, m and µ, are defined analogously as in the one-doublet case:
with Z P the matching factor for the pseudoscalar density. The quantity m c is the critical mass, aside from an O(a) shift (see Refs. [4, 5] and discussions below). Lattice symmetries forbid additive renormalization of µ 0 .
Working to NLO in the power counting scheme,
This shift in turn corresponds to an O(a) correction to the critical mass, so that it becomes
In terms of χ ′ , the chiral Lagrangian, Eq. (4), can be written as:
where terms that lead only to contact terms in correlation functions and are hence not needed below, viz. the L 10 , H 1 and H 3 terms, have been dropped. We have also introduced useful combinations
As noted in Ref. [5] , the W 10 term is redundant. It can be transformed away by the change of variables 
III. CHIRAL PERTURBATION THEORY FOR GENERIC SMALL MASSES
In this section, we work out the consequences of the SU(4) effective chiral Lagrangian, Eq. (11), which generalizes the results of the SU(2) theory of Ref. [5] , and our focus will be on the masses and decay constants of kaons: pseudoscalar mesons that involve both flavor doublets. We work in the "generic small mass" regime defined by
where Λ χ = 4πf and
A. The vacuum
At LO the discretized Lagrangian retains its continuum form, so the LO vacuum expectation value (VEV) of Σ is that which cancels out the twists in the shifted mass matrix:
where ω p, 0 are defined by
This provides one definition for the twist angles.
At NLO, the VEV of Σ is realigned by a small amount from Σ 0 . Defining
the shifts from LO, ǫ l, h , are found from minimizing the potential to be
Expanding about the VEV as in Ref. [5] , the physical pion fields are defined by
where Φ has the representation
Our choice of the fifteen generators of SU (4) 
Note that the c quark is mass-degenerate with the s quark, so pairs of D's and K's related by the interchange of c and s quarks are mass-degenerate at LO in the chiral expansion. By inserting the above expansion of Σ into the chiral Lagrangian, Eq. (11), the Feynman rules for the SU(4) theory can be straightforwardly obtained.
B. Defining the twist angle
In the continuum, the twist angle for each degenerate doublet can be defined unambiguously by
Given the twist angles, the off-diagonal SU(4) components of physical currents and densities are related to their counterparts in the twisted basis by (with a "hat" denoting the physical
where
and
The indices i a and j a are the row numbers of the non-zero entries of the SU(4) generator Λ a that defines the particular flavor current or density, and
For a thorough discussion of currents and densities, see App. A. We note now that Eq. (26) has the form of the inverse transformation of the LO operator, Eq. (A1), except that here the twist angles are ω p not ω p, m .
On a lattice, discretization errors mean that different definitions for the twist angles will lead to observables that differ by O(a). In this work, we will define ω p non-perturbatively as in Refs. [4, 14] by enforcing the absence of parity breaking in the physical basis. In particular, we will enforce
From the definitions in Eq. (26), this condition gives
The results for ω p depend on the distance |x − y| at O(a). We will enforce the condition in Eq. (30) 
C. Kaon masses and decay constants
With the Feynman rules in hand, and the twist angles defined, we have now all that is needed to calculate pseudoscalar meson masses and matrix elements. At NLO, we find that the mass of the neutral kaon is given by
are respectively the LO K, η 8 and η 15 squared masses, and c p = cos ω p , s p = sin ω p , which we can use instead of cos ω p, m and sin ω p, m respectively at the order we work. Note that the usual continuum one-loop contribution [20] appears in Eq. (33),
with Λ R being the renormalization scale. Note also that the neutral kaon mass depends only on the physical combination 2 W 8 − W 5 , and that the kaon mass is automatically O(a)
improved at maximal twist (c p = 0).
Flavor breaking in the kaon masses at NLO is given solely by the analytic contribution, just as in the SU(2) theory [4] , and it reads
where the second equality is derived using the fact that we can replace s p by s p,0 at the order we are working.
Before calculating Eq. (38) explicitly, one might have anticipated an expression that was quadruply suppressed in our power counting scheme, Eq. (6) 
where MeV. Note that the one-loop contributions from the pions and the η 8 are the same as in the continuum SU(3) theory [20] . Flavor breaking effects enter first at O(a 2 ), which is NNLO for decay constants. The above result shows that the decay constant depends only on the physical combination W 5 + W 10 , and is automatically O(a) improved at maximal twist.
IV. SIMULATION DETAILS
We have performed quenched simulations using the action of Eq. (2). The ensembles computed in Ref. [14] , containing 300 gauge configurations each at β = 5.85 and β = 6.0, have subsequently been extended to include 600 configurations each [21] . An additional ensemble at β = 6.2 has also been generated, again using a pseudo-heatbath algorithm which acts on all SU(2) subgroups. Quark propagators are obtained from a 1-norm quasiminimal residual algorithm, with periodic boundary conditions in all directions. Simulation parameters are collected in Table I .
To remove O(a) errors, simulations must be done at maximal twist, and to that end we employ Eq. (31) implemented, following Ref. [14] , by
This method of tuning separately at each twisted quark mass is only one possible choice. A nice summary of the situation in the generic small mass regime (Eq. (14)) that we are using has been given by Sharpe in Ref. [6] . In the language of that article, we are using method (i). A variant, called method (ii), extrapolates the results of method (i) to the point of vanishing twisted mass, and then uses that definition of maximal twist for all values of µ. Another option, called method (iii), relies on twistings in the scalar-pseudoscalar sector rather than the vector-axial sector. Method (iv) assumes that maximal twist can be sufficiently well defined by simply holding the hopping parameter fixed at its critical value from the untwisted Wilson theory.
As sketched in Fig. 1 of Ref. [6] , methods (i), (ii) and (iii) are all acceptable nonperturbative definitions of maximal twist, and are superior to method (iv). Though most of our simulations use method (i), we will make frequent comparisons with results from the χLF collaboration [22, 23] using method (ii). We will also present our own results from method (ii) when discussing aspects of scalar correlators in Sec. VI.
Throughout this work, only local operators are used, and error bars reported in graphs and tables are statistical only. All statistical uncertainties are obtained from the bootstrap method with replacement, where the number of bootstrap ensembles is three times the number of data points in the original ensemble. Masses and decay constants are obtained from unconstrained three-state fits to correlators, using all time steps except the source. In the following sections, each discussion includes references to the relevant figures, but we note here that the corresponding numerical values are collected in Table II .
V. PSEUDOSCALAR AND VECTOR MESONS
Masses of the charged and neutral kaons, i.e. the ground state pseudoscalar mesons containing one s (anti)quark from the heavy doublet and one u or d (anti)quark from the light doublet, are plotted in Fig. 1 . Both twisted masses, aµ l and aµ h , take on all values from Table I .
These data are expected to be consistent with a quenched version [24, 25, 26] of Eq. (33), which at maximal twist reads
where δ quench is the standard coefficient for the quenched logarithm. As Fig. 1 indicates, linear fits inM ′ to the data at each β value yield excellent results, so O(M but become consistent at β = 6.2. We recall from Fig. 2 of Ref. [22] that the χLF data at β = 6.0 happen to be statistically above their fitted a 2 extrapolation, so we see no essential disagreement among any of the data sets displayed in our Fig. 1 .
The difference between the squared masses of charged and neutral kaons is plotted directly in Fig. 2 , and is found to be only mildly dependent on (twisted) quark mass over the range we are studying. This implies that corrections to Eq. (38), arising from higher orders in the tmχPT expansion, are small but noticeable. Fig. 3 shows the lattice spacing dependence of the squared mass differences for four mass values that span the range of our available data. At leading-order in tmχPT, Eq. (38) indicates that this quantity should be independent of mass, linear in a 2 and vanishing in the continuum limit. Modulo the unknown higher order effects, Fig. 3 is in reasonable agreement with these expectations. In particular, the approximate mass independence is evident and the dependence on a 2 is approximately linear, though a linear fit misses the massless prediction at a = 0 by a few (statistical) standard deviations. Uncertainties are not shown for the horizontal a 2 axis in the plot, though they are significant for discussions of this extrapolation. We recall, for example, that the lattice spacing has been found to be a = 0.1011 (7) fm from the string tension [27] and a = 0.115(6) fm from the nucleon mass [28] , both of which differ noticeably from the a = 0.093 fm obtained from Ref. [15] and used throughout the present work.
It should be noted from Fig. 3 that even at our smallest lattice spacing, the mass splitting
MeV is significant relative to the kaon mass itself. However, in terms of the difference of mass squared, our results are consistent with the pseudoscalar meson mass splittings in Ref. [22] and compatible with the suggestion of Shindler [3] that flavor breaking effects in tmLQCD are of a magnitude comparable to "taste" symmetry violations in pseudoscalar meson masses observed with improved staggered fermions [29] .
The decay constant of a charged pseudoscalar meson can be obtained easily from the so-called indirect method [30, 31] ,
where the normalization is such that f π ≈ 130 MeV, i.e. larger than the normalization from our tmχPT conventions by √ 2. Unfortunately, the indirect method does not provide easy access to the neutral pseudoscalar decay constant, due to mixing with the scalar operator.
The neutral decay constant is not directly accessible in the laboratory due to the absence of flavor-changing neutral currents in the standard model, but it is a quantity that appears in the parametrization of some neutral kaon matrix elements (see Ref. [18] for a very recent example in the context of tmLQCD). From the point of view of our work, the comparison of charged and neutral cases would be able to provide information about how flavor symmetry breaking in tmLQCD affects the structure of mesons. Note that if we had chosen a different convention in Eq. (1), i.e. interchanging the role of c and s quarks as was done in Ref. [12] which focuses on neutral kaons, then the situation would be reversed: the indirect method would have applied to the neutral kaon and not to the charged kaon.
The charged kaon decay constant is plotted in Fig. 4 where we continue to define this meson to be the ground state pseudoscalar meson containing one s (anti)quark from the heavy doublet and one u (anti)quark from the light doublet. Central values show a hint of curvature, but within statistical uncertainties the decay constant is linear in the squared meson mass. This is consistent with the tmχPT expression, Eq. (39), where the slope has only logarithmic corrections. The computations of Ref. [23] , using method (ii), also appear in Fig. 4 and are in agreement with the method (i) results.
As is evident from Fig. 5 , there is no visible dependence of the decay constant on lattice spacing. For the kaon, fitting the data from three β values to a constant yields
Relying on a linear chiral extrapolation, we similarly obtain
The ratio, f K /f π , agrees nicely with the quenched results from Ref. [26] , though the individual decay constants are somewhat larger. Using the lattice spacings derived from Ref. [27] or [28] would bring us into closer agreement.
There is also a direct method [31] for obtaining the decay constant, though it requires input of a renormalization factor for the twisted vector current. Here, we will use the ratio of results from the direct and indirect methods to determine this renormalization factor. Figure 6 shows that the renormalization factor is essentially mass-independent and that it becomes closer to unity as a → 0. The numerical values are comparable to those obtained by the authors of Ref. [23] , and those authors also note that Z V is further from unity in tmLQCD than in both standard and boosted lattice perturbation theory. (See their Table   7 .)
Vector meson masses, referred to here as K * masses since the strange (anti)quark from the heavy doublet is combined with a u or d (anti)quark from the light doublet, are shown in Fig. 7 . Within the statistical uncertainties, no mass splitting is visible between charged and neutral vector mesons. Comparison with data from the χLF collaboration reveals that methods (i) and (ii) lead to different K * masses on coarser lattices, and that the distinction vanishes as a → 0. The sizable uncertainties make chiral extrapolations difficult, particularly for charged mesons. Linear fits to the neutral meson masses at each β are displayed in Fig. 7 .
Scaling of the neutral vector meson mass with a 2 is shown in Fig. 8 . The nonvanishing dependence on a 2 is barely significant with respect to the uncertainties. A linear a 2 fit to the r 0 m PS = 1.25 data produces
and a linear a 2 fit to the linear chiral extrapolations from Fig. 7 yields
These quenched values lie above the physical values, but using the lattice spacings derived from Ref. [27] or [28] would bring us closer to experiment.
VI. SCALAR MESON MASSES AND MIXINGS
Our chosen definition of maximal twist, Eq. (31), tunes the mixing of vector and axial currents for charged mesons, or more precisely, for mesons built from a quark and antiquark having twist angles of opposite sign. Charged scalar and pseudoscalar densities do not mix.
Conversely, there is mixing of neutral scalar and pseudoscalar densities, while neutral vector and axial currents do not mix. Our charged vector-axial tuning to maximal twist can differ from a neutral scalar-pseudoscalar definition, for example by differing discretization effects. The neutral scalar similarly has a brief signal, then makes a curious waving shape on the graph. To understand this, see Fig. 10 where the data from Fig. 9 (b) are replotted on a linear scale. The negative contribution to the charged scalar correlator is from the two particle state -quenched η ′ and kaon -as discussed in Refs. [32, 33] . The neutral scalar has this two particle state as well, but the correlator is deformed because it apparently also has a mixing with the neutral pseudoscalar.
One could imagine removing the scalar-pseudoscalar mixing by tuning to maximal twist directly in this sector, called method (iii) in the notation of Ref. [6] , but mixing could then arise between vector and axial currents. An interesting observation, sketched in Fig. 1 of Ref. [6] , is that method (iii) is distinct from method (i) but identical to method (ii) up to O(a 2 ) corrections. Could method (ii) be optimal for both the vector-axial and the scalarpseudoscalar sectors?
We have computed 100 quark propagators using method (ii) at β = 6.2 and µ = 0.003608, allowing a direct comparison to our results from method (i). The method (ii) value of normal quark mass, M = −0.741546, was obtained from Table 3 in Ref. [22] . Our findings are displayed in Fig. 11 , and we see that the scalar-pseudoscalar mixing is still apparent, confirming the presence of O(a 2 ) effects.
VII. UNTWISTED STRANGE WITH TWISTED UP AND DOWN QUARKS
If the twist angle, ω h , of the heavy doublet is set to zero, then the strange quark becomes a standard Wilson fermion and its partner can be erased from the action. Table I . Fig. 12 shows that the Wilson strange quark leads to kaon masses that are numerically between the charged and neutral kaons with a twisted strange quark. All curves are visibly linear in aµ l , though the Wilson strange quark theory has a smaller slope than the twisted strange quark theory. Recall that method (i), used here, itself has a smaller slope than method (ii).
Untwisting the strange quark has other effects besides eliminating the mass splitting.
When an untwisted quark field is combined with a maximally twisted one, parity violation induces parity mixing in all (charged and neutral) channels (this can be inferred from Eq (26)). This is unlike the situation with complete maximal twisting where in some channels the parity violation in the action interchanges parity of the correlator but does not mix it. With an untwisted strange quark the extraction of the decay constant becomes a much more difficult problem which is beyond the scope of the present work.
VIII. SUMMARY
Twisted mass lattice QCD is a practical method for numerical simulations involving light quarks. It has no exceptional configurations, automatic O(a) improvement, and a corresponding version of chiral perturbation theory. However, there are issues of parity and flavor symmetry violation effects at non-zero lattice spacing that have to be understood and dealt with.
Quarks come in pairs in tmLQCD, so the best way to implement three-flavor simulations requires thought and exploration. In this work, we have considered two doublets at maximal twist, where the fourth quark is automatically benign in quenched simulations. The chiral perturbation theory is formulated as a natural generalization of the existing two-flavor formulation, and used to obtain analytic expressions for masses and decay constants. Numerical tmLQCD results for m π , f π , m K , f K , m ρ and m K * are obtained from four twisted quark masses at each of three lattice spacings, and are comparable to previous quenched studies with other actions.
One of the most significant artifacts arising from twisting is the mass difference between charged and neutral kaons, which vanishes in the continuum limit but remains sizable at the lattice spacings studied here, 0.068 fm < a < 0.123 fm. If only the up and down quarks, not the strange quark, are twisted, then this large splitting vanishes however at the price of a more complicated pattern of parity mixing in the correlators.
Another artifact of twisting is the mixing of scalar and pseudoscalar operators when the standard definitions of maximal twist are employed. For sufficiently light quarks in the quenched approximation, this can be studied through the appearance of negative correlators that correspond to the opening of a quenched η ′ K channel.
Notwithstanding the existence of twisted lattice artifacts, we see value in the general approach of tmLQCD for applications involving u, d and s quarks. There are a number of options for constructing the action including strange quarks, and with systematic studies such as this one exploring them we can be hopeful that an optimal approach will be found. 
APPENDIX A: CURRENTS AND DENSITIES IN THE TWISTED BASIS
With the generators of SU (2) replaced by those of SU (4), the currents and densities in the twisted basis of the two-doublet theory are defined in the same way as for the one-doublet theory [4] . At LO, the currents and densities have the same form, mutatis mutandis, as in the SU(2) theory. In the physical basis, i.e. in terms of the physical variable Σ ph , they take the forms (with a "hat" denoting the physical basis quantity),
where c p, m = cos ω p, m , s p, m = sin ω p, m , p = l, h, and we use the notation defined in Eqs. (27) (28) (29) . Note that in the SU(4) theory, P 0 LO and S k LO , k ∈ K, do not vanish identically in contrast to the SU(2) theory [5] .
At NLO, the vector and axial currents are given by
where k ∈ K, and
We do not give the form of the L 1, 2, 3, 9 terms since each has the same form as in the continuum SU(2) theory [34] .
Dropping terms proportional to the scalar and pseudoscalar sources, which give rise only to contact terms in correlation functions, the scalar and pseudoscalar densities at NLO are given by
To write the NLO currents and densities in the physical basis, we need the results
which allow us to express C, D 1 , and D 
where a, b ∈ K\D, and
and for the L 8 terms we need the results Lastly, the H 2 term contributes only in the flavor-diagonal case, i.e. when the flavor index k = 3, 8, 15. Since we will not be using the flavor-diagonal currents and densities, we do not give results for the flavor-diagonal cases here.
To conclude this appendix, we provide the explicit expression for the axial current in the physics basis at NLO, using the twist angles determined in Sec. III B:
The term C is the same as in Eq. (A3), but now given in the physical basis. 
